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1. Introduction. Mathematical modeling of host-pathogen interac-
tions is playing an increasingly important role in our understanding of the
pathogenesis of infectious diseases. Many of the results have shaped our
understanding of disease processes both at the population and cellular lev-
els. In this tutorial we give an introduction to modeling the interaction of
the human immune system with viral pathogens. Our collective research
experience is focused on HIV so we use that as our prime example to explore
approaches to understanding host-pathogen interactions and the treatment
of disease. We present basic principles on the interaction of the immune
system in response to the diverse set of pathogens that challenge humans.
We then present a brief review of models for host-pathogen interactions at
the cellular level, a summary of modeling HIV disease progression and sub-
sequent chemotherapy, and finally, we present a model for the treatment of
AIDS using the novel approach of robust control theory.

2. Host-pathogen interactions. The immune response represents
a complex defense system against invading pathogens. Its main features
involve induction, specificity and memory. Most organisms posses a non-
specific procedure for protection against pathogens: an innate response
composed of physical and chemical barriers. Higher organisms also main-
tain an adaptive response comprised by humoral and cellular components
that are pathogen specific (see [1]).

The most popular paradigm in immunology is that the key role of the
immune response is to distinguish between self and non-self. This involves
immune cells known as lymphocytes, that during their development, are
elimintated if they recognize self [2]. Thus, immune cells that participate
in the immune response recognize non-self molecules and can initiate an
immune response cascade.

A second paradigm postulates that adaptive immune cells only respond
if the antigen elicits different types and levels of tissue damage, not based
on the nature of the antigen molecule [3, 4]. This model considers the
immune response as a defense system against pathogens.

When a foreign pathogen invades, an immune response is triggered.
The innate elements attempt to suppress the invader, and days later the
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adaptive immune components are developed. As the response progresses,
the pathogen attempts to survive by various evasion mechanisms. Thus, a

series of complex interactions between the host and the parasite are estab-
lished.

2.1. Immune response to viral pathogens. Unlike bacteria,
viruses must infect host cells to survive and replicate, and thus by defi-
nition, are intracellular microbes. Once virus binds to the host cell, the
virus introduces its genetic material into the cell nucleus, and it remains
there until the cell is activated and the viral genetic material is replicated.
This process eventually kills the host cell. New virions are produced that
are able to infect other cells.

When the invading virus circulates through the blood its receptor could
be blocked by neutralizing antibodies. However, once a virus has already
infected a cell, specific antibodies cannot reach it, and thus a cellular im-
mune response is needed in order to suppress infection. Infected cells also
are recognized by natural killer cells and then killed through the action of
perforin and other molecules secreted by the NK cell. Both CTLs and NK
cells are activated by TH1 cells through the action of cytokines.

Perhaps the main immune evasion mechanism of viruses is mutation.
As the body is preparing to fight the virus by developing specific responses,
the virus changes some of its antigenic proteins, via mutation, so that it is
no longer recognized. Retroviruses (like the human immunodeficiency virus
(HIV)) have a high spontaneous rate of mutation due to the enzyme called
reverse transcriptase that does not possess a repair domain (exonuclease ac-
tivity) which DNA polymerases usually have. This facilitates the mutation
process. A second evasion mechanism comes by virtue of the intracellular
lifestyle of viruses. Residing within host cells offers them protection from
the immune response. Viruses have even developed ways to downregulate
expression of host proteins on cells that signal infection.

2.2. Modeling host-viral interactions. Models of host-viral infec-
tions, namely HIV-host models, have a successful recent history. Many
of the key results that have shaped our understanding of the T-cell and
viral dynamics in HIV disease have come from mathematical modeling ap-
proaches [5-7]. Many others have given insight into HIV-immune dynamics
as well as progression [8-26]. There is also a first attempt on modeling the
interaction of cytokines and the HIV-infected immune system. This work
examined the role of IL-2 immunotherapy in HIV-1 infection ([27]). Other
viruses that have captured recent attention through modeling are Hepatitis
B and C viruses [28, 29]. Most viral-host models are developed using con-
tinuous and deterministic methods, and thus have been formulated using
ordinary or partial differential equations. A few of these models e.g. [30-
34] are discrete and stochastic. The choice of modeling method is based
on several considerations; e.g., the time frame of a study, the population
sizes, and the types of questions posed.
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3. The human immunodeficiency virus. HIV has been recognized
as the etiologic agent of the acquired immunodeficiency syndrome -AIDS
([35]. The United Nations estimates that there have been 8.4 million AIDS
cases since the start of the global pandemic in the 1980s, with an estimated
30 million persons HIV-positive. Only 1.5 million cumulative cases have
been officially reported by countries. An estimated 5 million adults and 1.5
million children have already died from AIDS. The impact of this emerging
infectious disease is clear. Despite the impressive amount of research on
this pathogen and the related areas of study, there are as yet no effective
vaccines or treatment strategies that prevent the ultimate progression to
AIDS and death. This is sentinel in realizing that many of the pathogenic
mechanisms leading to disease progression are still unknown.

HIV is a retrovirus containing two single strands of RNA. It is an
enveloped virus that carries its own reverse transcriptase for transcribing
the viral RNA. HIV is transmitted via three primary routes: sexually,
vertically (mother to child) and intravenously. Once infection takes place,
the interaction of HIV and the immune system begins with CD4% cells. The
CD4 receptor appears mostly on helper T cells and some macrophages,
and binds with the protein (ligand) gp120 (on the surface of the virus)
initiating cellular infection. This is a necessary, but insufficient step — a
co-receptor is also vital for proper cellular infection, and the virus uses a
cytokine receptor on the surface of the host cell near the CD4 receptor to
finish the lock-and-key entry process. It has been shown that individuals
lacking the co-receptor have a natural immunity to infection by HIV [36],
although it is not known how this receptor mutation arose. It has been
observed that initial infection with HIV usually occurs in macrophages, as
the predominately-transmitted strain of HIV is tropic for the cytokine co-
receptor on macrophages [37, 38]. These important phagocytes and antigen
presenting cells serve as a cloak for virus that can now be carried through
the blood and lymph to all parts of the body (including crossing the blood-
brain barrier). As infection progresses, HIV expands its co-receptor usage
repertoire, and can infect both T cells and macrophages. There is much
evidence to support the observation that this infection process occurs more
efficiently in activated cells, and that even when a resting cell binds virus,
the viral DNA may never be inserted into the host genome [39, 40].

Once inside the host cell, the viral DNA can be inserted into the
host-cell’s genome only upon cellular activation, and new viral particles
are created and released. For HIV, viral production per infected cell is
estimated to be on the order of 500 virions per infected cell [41, 42]. It has
been observed that these infected cells (whether resting or active) are at
an increased risk for cell death via apoptosis or other pathways [43]. This
enhanced cell death is also seen in bystander cells (cells not producing HIV)
[44]. Infected cells are also cleared via a CTL response, or may die due to
lysis from infection.
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As the infection develops, immune cells are depleted and a disruption
in the immune system is established so that the host becomes suscepti-
ble to opportunistic infections and pathologies, like Pneumocystis carinii
pneumonia (PNP), Kaposi’s sarcoma, candidiasis, tuberculosis, etc. AIDS
is diagnosed when the count in CD4* T cells is less than 200/mm? and/or
the seropositive patient has one or more AIDS defining illnesses.

3.1. Modeling the mechanisms of HIV disease. Any theory or
model of HIV disease progression needs to reconcile the following aspects
of the disease process: (1) net loss of CD4*" lymphocytes is gradual and
takes, on the average, 10 years; (2) CD41 T cell numbers decrease in the
blood earlier than in lymph nodes, and in the early symptomatic stages
when CD4% lymphocytes are declining in the blood, their numbers are
often increasing in the lymph nodes (lymphadenopathy); (3) there is some
compartmentalization of HIV-infected cells to lymphatic tissues with the
preponderance of cells producing virus residing there, as well as a large
percentage of virus present on follicular dendritic cells; (4) the number of
productively infected cells at any given time is very low, with approximately
107 productively infected cells present in the whole body out of a total of
1012 lymphocytes (1:10° ratio); and (5) CD4" lymphocytes that die, tend
to die in lymph nodes, not in the peripheral blood, and those that are dying
are mostly bystander cells. The factors determining the dynamics of the
T-cell populations during HIV infection can be classified into 3 main areas:
a change in cell productions, a change in cell migration patterns, and a
change in cell life-spans (i.e. increased cell death). Each of these dynamics
is modulated by cytokines as well as other influences. Two hallmarks of
immunopathogenesis in the progression of HIV to AIDS are the loss of
CD4* T cell function in response to antigens and the critical reduction
of CD4%T T cell numbers. It is probable that these two phenomena are
related. Other data point to a reduction in CD8% T cell anti-HIV activity
associated with disease progression, and recent evidence indicates that CD8
T cells can be infected directly by HIV [45].

3.1.1. HIV-1 disease progression. As mentioned above, models of
HIV-immune dynamics have gained much attention since the mid 1980s.
The first three works done in this area were by Cooper [46], Dolezal and
Hraba [47] and Perelson [48]. For recent reviews of HIV-immune models,
see [49, 50]. The Perelson et al. [25] model included populations of un-
infected CD41 T cells, latently infected CD41 T cells, actively infected
CD4% T cells, and free HIV virus. This model provided a reasonable first
approximation to the clinical progression of the disease, although the T-
cell populations never declined to very low levels. (Note that this model
is used in Section 4 of this tutorial.) This model was modified to include
macrophages as a possible site of virus replication [21]; the result was a
slower disease progression and a lower T-cell count, but the collapse of im-
munity (the “crash to AIDS”) was always very abrupt. With both of these



MODELING HOST-VIRAL DYNAMICS AND TREATMENT 5

models chemotherapy was explored using a treatment that was assumed to
reduce viral production.

To improve the mechanistic basis for HIV models, we included anatom-
ical compartments other than the peripheral blood compartment in which
viral loads and T-cell counts are typically measure. We first included the
thymus as there is much evidence that the thymus is infected with HIV and
that this may impair production of naive CD4* T cells [51]. The compart-
ment for the lymph system was included as there is evidence that lymph
nodes become saturated early with infected T-cells and thus provides a
constant supply of virus to the peripheral blood compartment throughout
the infection [42, 52]. Our results have given the most accurate simulations
yet of the disease progression — including the slow decrease in CD4T T
cells, the quasi-constant viral load in peripheral blood until very late in the
progression, and the long delay to the onset of AIDS [53].

3.1.2. Progression models of HIV. Any model of HIV disease
progression should incorporate clinically determined dynamic information
about the HIV-infected immune system. The essential elements are as fol-
lows. After an initial period of acute viremia in the first few weeks after
seroconversion, CD4" T-cell counts decline gradually from approximately
600 to 800/mm? to almost 0/mm? over approximately 10 years (normal
CD4% T-cell counts are 800 to 1200/mm3). Data from [54] is shown in
Figure 1. The decline of CD4™ T cells is more rapid early in the infection
[65]. Infected CD4™ T cells constitute 4% or less of the CD4*+ T-cell pop-
ulation [56]. The half-life of an infected CD4* T cell is approximately 2
days [5-7, 57]. After the initial viremia, plasma virus increases from be-
low 10*/ml to 107 /ml or more during the variable course of infection with
a sharper increase toward the end of the symptomatic phase [54]. The
lifespan of a virus outside the cell is about 7.2 hrs [5-7].

To model the longest stage of HIV infection, the asymptomatic phase,
we developed a model [19, 18] consisting of ordinary differential equations
for the variables T'(t) (the CD4" T-cell population uninfected by virus
at time t), T°(t) (the CD4T T-cell population infected by drug-sensitive
virus (wild-type) at time t), 77(¢) (the CD4t T-cell population infected
by drug-resistant virus (mutant) at time t), V;(t) (the drug-sensitive virus
population at time t), and V,(¢) (the drug-resistant virus population at
time t). All these virus populations reside in the circulating blood, in
which the values of uninfected CD4" T cells and virus can be clinically
measured. The equations are presented below (reprinted from [17]).
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FiG. 1. Data graph taken directly from [54]. Shown are averaged CD4T T-cell
counts and viral loads from a large number of untreated patients.
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Initial conditions are T'(0) = T, 7T°%(0) =0, T7(0) =0, V,(0)=
Vso, Vi(0) = 0. The model is explained as follows. The first two terms of
Eqn. (1) represent the source of new T cells. This incorporates T cells from
the bone marrow, thymus and general production. It is time dependent to
represent the evidence that the source of new cells from the thymus, s(t),
is reduced during HIV infection [58]. The equation also includes a term to
represent proliferative production (whether direct or indirect) due to the
presence of antigen, p(¢t)T'(t). This production changes over the course of
infection, which is accounted for in the time-dependent rate, p(¢). This
general form allows for inclusion of different functional forms representing
cell expansion. We choose to use Michaleis-Menten kinetics of the form
V?(;(-i)c The other proliferation terms, pz(t) follow this same form. The
next term is a natural death term, since cells have a finite lifespan; the
average of which is ;%T The last two terms represent the infection of

CD4T T cells by both resistant and sensitive strains of virus. These terms
are mass-action type terms with constant rates of infectivity ks, k.. We
assume the law of mass action applies here based on the large numbers
of cells and virus involved. P; represents the effects of treatment on viral
infectivity in the plasma. Equations (2) and (3) describe changes in the
infected population of CD41 T cells, T'® and T, respectively. (We assume
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