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SOLUTION OF THE ASYMMETRIC MIXING PROBLEM*
DENISE KIRSCHNER! AND JEFF MORGAN?

Abstract. In this paper, we develop the framework for the use of the asymmetric mixing func-
tion that allows for a two-sex pair-formation model with self-selection, used in sexually transmitted
diseases. We prove existence and uniqueness of a solution assuming the population distributions are
known.
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1. Introduction. The procedure of who mixes with whom during a sexual en-
counter is a phenomenon which has certainly existed for centuries, but the question
of how this occurs has only recently been posed (cf. [1, 2, 6, 7, 9, 12, 13, 16, 22, 24,
25]). Omne aspect of the information gained in the answering of this question is that
it can assist epidemiologists in the study of sexually transmitted diseases.

Functions which describe this partner selection process have been developed based
on a characteristic of each individual that would lead them to the pairing. The most
common method of classification has been to put individuals in a class describing their
number of different sexual partners per year. A person (whether male or female) is
placed in the category of r if their desired number of partners is r(> 0). We balance
this with a term r;(¢,7), which is the actual number of different partners one has,
given that one is in category r (i represents either male or female). Consequently,
it is necessary to also define the populations where each of these individuals “live,”
namely, N;(t,7), the sexually active population of category r, of sex 7, at time ¢.! For
disease modeling, this grouping can also aid in understanding the individual’s risk of
becoming infected with a sexually transmitted disease. This stems from the fact that
data seems to indicate that the risk of becoming infected with a sexually transmitted
disease is highly correlated with the number of different sexual partners one has [21,
26].
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! Traditionally, the function 7;(¢,7) depended only on the time and the class, r. However, it
has been recently noted by Castillo-Chavez [11, 18] that this may not be completely correct. We
generally assume that r;(¢,r) > 0 for all r regardless of whether or not the population N;(¢,r) > 0.
In the cases where r is large, for example, and N;(¢,7) = 0 or N;(t,7) is too small, it is more precise
to have considered 7;(t,r) as functions of not only ¢ and r, but also of the population sizes. To the
end, consider the functions M;(t) = fooo N;(t,r)dr, i € {M, F}. Then, more appropriately, r;(t,r) is
actually a function of r; (¢, 7, M;(t), M;(t)) for 4,5 € {M, F}, i # j. In particular, r;(t,r, M;(t),0) = 0,
i € {M, F}. For this study, however, we assume the population sizes make sense, and require r; to
be a function of ¢ and r alone.
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726 DENISE KIRSCHNER AND JEFF MORGAN

For a purely heterosexual population, an S-I-A model has been developed to
describe the spread of AIDS [11, 14, 19, 20] (see Appendix A). Two key ingredients of
this model are the mixing functions pr and pjs, that describe the way in which people
select partners. These functions are coupled to the S-I-A model through the nonlinear
integral equations (3a)—(3b) (see section 2 below). As a result, an important first step
in the process of determining the well-posedness of the S-I-A model is the solvability
of the equations satisfied by pr and pjs under the assumption that the functions r;
and N; are known. The work at hand addresses this problem. Subsequent work will
address the well-posedness of the S-I-A model.

To this end, section 2 introduces the mixing functions, and in section 3 we prove
existence and uniqueness of a solution. In section 4 we discuss an example.

2. Mixing functions: pr(t,r,s) and ppr(¢, 7, s). Define the functions p;(t,r, s)
as the density functions for population ¢ of category r of their partners of category s
of sex j,i # j. Many have explored these partner selections and pair formations in
the setting of disease modeling, [5], [7], [8], [10], [15], [18], [23]. In 1991, Busenberg
and Castillo-Chavez [4] gave nine general cases for mixing functions, each arising from
different assumptions. Here we present a few to motivate our choice.

For any one- or two-sex model with heterogeneous activity Blythe and Castillo-
Chavez [3] described mixing functions of the form p;(¢,r,s),i € {M, F}. The idea is

that f:+As pi(t,r, z)dx represents the fraction of partners that a person with activity

r has among individuals with activities in the range [s, s + As].
For these functions p;(t,r,s), there are some natural conditions which arise.
Namely,

(1a,Db) / pi(t,r,s)ds =1, p;(t,r,s) >0,
0
and
(23) pM(t7 T, S)TM(t7 T)NM(t’ T) = pF(ta S, T)TF(tv S)NF(ta S)a

where r;(t,7)N; (¢, ) represents the distribution of the total sexually active population
for each category r. Equations (1a) and (2a) clearly imply

(2b) /000 ra (6, )N (¢, m)dr = /000 rp(t,s)Np(t, s)ds.

Equation (la) guarantees that the probability density function integrates to 1, so
that the people of category r actually have an average of r;(t,r) different partners
per year. Equation (2a) is a balancing equation stating that the number of partners
with classification s with whom people of class r have sex is the same as the number
of partners with classification r with whom people of class s have sex.

In a single-sex scenario, proportionate mixing is represented as (cf. [3], [10])

rN(r)

Pl = IS aN (z)dx

In [8], Busenberg and Castillo-Chavez present a scheme as well as discuss solv-
ability for a two-sex mixing problem. They show that

rr(s)Nr(s)
Jo° rar(@) Nag (z)da

pu(s) = and pp(r) = foo
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are the only separable two-sex mixing functions satisfying conditions (1a,b) and (2a,b).

Hyman and Stanley [15] introduced a modified version of this mixing function,
which is a more general alternative to proportionate mixing, and that differs from
the equations of Castillo-Chavez and Busenberg through multiplication by a function
f(s,r). This function f(s,r) is arbitrary and can aid in fine tuning the behavior of
the mixing.

Expanding the notion of proportionate mixing, we refer to the heterosexual popu-
lation self-selection rule from Stanley in [17], [23], namely, the asymmetric rule, where
only one of the sexes in the pairing does the choosing. If we suppose the females do
the choosing, then

(3a) pr(tr ) = 1- f07 o (t, s, 2)dx| fr(r, s)rar(t, s)Nas(t, s)
Y IS (=[5 par(t,y, w)du) fr(r, y)ras (t,y) Nag (¢, y)dy’
_ pr(t,s,7)rp(t,s)Np(t, s)
Bb) nltr s = e Nt ()

The idea is as follows. The numerator of the right-hand side of the first expression
comes from multiplying the distribution of females and their male partners, times the
acceptance function fr of male partners of class s for the females of class r, times
the actual number of male partners those females have, times the number of available
males. This is normalized by integrating over all the possible male partners of class
s. Notice that (3b) is simply a restatement of (2a).

The remainder of this work focuses on the solution of the system (1a,b)—-(3a.,b),
the so-called asymmetric mixing problem.

3. Existence and uniqueness of a solution to the asymmetric mixing
problem. For ease of calculation, we begin by manipulating the expression for the
female infectivity, (3a), by applying condition (1) to replace 1 — f(; pu (t,r, x)dz with
[ par(t,r, x)dz. Then, substituting equation (3b) into (3a) yields an integral equa-
tion for pp(t,r, s), namely,

J° ertbm e (G N e p (1 Yy (t, 5)Nag (2, 5)

Jo© f77 erttaie ) e L0 £ (- y)rag (t, y) Nar (£ y)dy

pF(t> r,s) =

Canceling like terms and suppressing the time notation (since we require this to hold
for all time) yields

f:o pr(z,s)rp(x)Np(z)dx fr(r,s)

(4) pF(T7 S) = .
IV pe(a, y)re(@)Ne(x)ds | fr(r,y)dy

Define
w;i(z) = ri(x)N;(z) for i ={F,M}.
Then the integral equation (4) becomes
[ pr(z, s)wp(z)dafr(r, s)

122|122 o, yywr )z fotr)dy

(5) pr(r;s)



728 DENISE KIRSCHNER AND JEFF MORGAN

If we apply equation (la), namely, fooo pm(r,s)ds = 1, then substituting (3b) for
o (r, s) yields

[ sty
0

wps (1)

Hence,

(6) wpr(s) = /000 pr(z, s)wr(x)dz.

It is the solution to the integral equation (5) together with condition (6) that is
explored below.?

Remark. Since pp(r,s) and fr(r,s) do not appear in (5)—(6), we will simply
write p(r,s) and f(r,s) to denote pr(r,s) and fr(r,s), respectively.

In order to obtain a solution to (5)—(6), it is necessary to impose some reasonable
assumptions on f,wr, and wyy.

ASSUMPTIONS.

(Ai) wyr,wr € CH(Ry) N LYRY),

(Ail) feCYR3)NL>®R3),

(Aiil) wpr,wp, f >0,

(Aiv) [ wn(r)dr = [;° wp(T)dr,

(Av) limg_, o war(s) =0,

(Avi) For every s > 0 there exists €5 > 0 such that f(r,s) > e, for all r > 0.
Conditions (Ai), (Aii), (Aiii), (Av) are not unreasonable, as choices for the functions
wys, wr, and f should satisfy these assumptions. Assumption (Aiv) is simply a re-
statement of (2b), and assumption (Avi) is technical in nature and needed for the
analysis.

Multiply (5) by wp(r) and define U(r,s) = [~ p(z, s)wr(z)dz. Then for each
fixed s, we have a first-order differential equation in U with respect to r. Since (6)
yields initial data for this differential equation, solving it yields the nonlinear integral
equation

(7) U(r,s) = wpn(s exp( / =u wF(y))d dy).
0 Y,

Symbolically, define X = {U/ € C(R3)[U > 0} and

(8) TU)(r,s) = wn(s exp( / =u F(y))d dy)
0 Y,

for each U € X.
Note that the conditions on wys, wr, and f guarantee that T is well defined. In
addition, the following lemma is a simple consequence of (8) and our assumptions.
LEMMA 1. If uj,us € X with u; > ug then T(uy) > T(uz). Furthermore, if
u € X then

0 <T(u)(r,s) <wp(s)

2It should be clear that the solution to this problem is equivalent to solving the asymmetric
mixing problem (1la,b)—(3a,b).
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for all (r,s) € RY.
We can also obtain the following result.
LEMMA 2. Let U°(r,s) = wpr(s) and define
Ur(r,s) = TU1)(r,s)
for each k =1,2,.... Then

0<UF <UF't<...<U' <U° =wyy.

Furthermore, if we define

— wr(s) ex [ — " 2f(y, s)wr (y)
V(r,s) = wa(s) p( /0 O wM(T)dT—fOT’wF(T)dT]dy> ;

then

O<V<UrF< ... <U' <U’ =wy.

Proof. Define a sequence {4'}3°, C X as follows. Let U°(r, s) = wys(s) and define
U* recursively by U*(r,s) = T(U*1)(r,s), k = {1,2,...}. Tt follows from Lemma 1
(above) that the U*(r,s) are nested as 0 < U* < UF1 < ... < U < U < wy(s).
Also, from the definition of T', we have

_ coxnl - [ W s)wr(y)
Ui, o) = wa(s) p< 0 fo"ou’”(y,t)f(yﬁ)dtdy)'

Using the fundamental theorem of calculus, we differentiate to obtain

Uk (r,s) =U*(r, s) ( —f(r,8)wr(r) > )

JoSUR= (1) f(r, t)dt

Replacing U*(r, s) by U*~1(r, s) on the right-hand side and integrating both sides
with respect to s yields

< Uk (r, s)

d o0
ds > —1 ivalently, — [ U"(r,s)ds > — .
 wr () s > —1, or equivalently, dr/o (r,s)ds > —wp(r)

If both sides are integrated with respect to r, the expression becomes
(9) / Uk (r,s)ds > / wyr(s)ds — / wg(T)dT.
0 0 0

Then 0 <U¥(r,s) <wny(s) implies 0 < f:uk(r, s)ds < f:wM(s)ds for all 0 < a < b.
Furthermore, following directly from (Aiv), there must exist a continuous, positive,
increasing function g(r) satisfying 0 < g(r) < oo, such that

/g:) war (7)dr < % [/OOO wat(7)dr — /0 wF(T)dT} .
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Combining these observations with (9) yields

% [/OOO wps (T)dT — /OT wF(T)dT:| < /09(” uk(ra s)ds,

since from (9) we have
g(r) 00 0o r
/ Uk(T‘, s)ds —I—/ L{k(r, s)ds > / wpg (T)dT — / wp(T)dT.
0 g(r) 0 o

This implies

Define ¥(y) = ming<;<g(y) f(y,t). Then for R > 0, there exists an eg > 0 such that
U(r) > epg for all 0 < r < R. If we examine

1 _ ool - [ s wr(y)
(10) Ukt (r,s) =wn(s) - e p( /0 fooo L{k(y,t)f(y,t)dtdy>’

then our observations above imply

(11) Uk+1(7“, s) > wpr(s) - exp <— /OT v swely) dy),

qu(y) Uk (y,t) f(y, t)dt
was(s) -exp| — ' [y, s)wr(y)
> M( ) p( A \If(y) fog(y) Uk (y7 t)dt dy) 3

P f(y, s)wr(y)
> wp(s) - e P( /o U(y)5lfy° war(r)dr — ) wF(T)dT]dy)

This bounds the sequence of U*(r,s), {k = 1,2,...} away from zero. Namely, we
have

(12) 0< V(r,s) <UF(r,s) <U*(r,s) <--- <U(r,s) SU°(r,s) < wpr(s),

where

=w S) - ex - ' f(y78)wF<y)
Vi) = ol p( | S w(ﬂdﬂdy)

is clearly a positive continuous function on R%r. O
LEMMA 3. Fiz R > 0. {U*} is a convergent sequence in BC([0, R] x [0, 00)).
Proof. If S > 0 and we define W = [0, R] x [0,S], then there exists an ep s > 0
such that 0 < er,s < V(r,s) <wp(s) for all r,s € W. Consequently, it follows from
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(8), (10) that {¢/*} is bounded in C*(W). Now, let S; > 0 such that wy,(s) < 1 for all
5 > 81. Define Wy = [0, R] x [0,81]. Then, there is a subsequence {U*17}%2, of {U*}
which is Cauchy in C(W7). Similarly, there is an S, > 0 such that wa(s) < & for all
s > 8y > 8y, and there is a subsequence {U4*29}52 of {U*1.9}°2, which is Cauchy
in C(Wy) (Wy = [0, R] x [0,85]). Inductively, there exists an S, 1 > S, such that
wpr(s) < ﬁ for all s > S, 11, and there is a subsequence {U*n+1.i 132, of {Ukn.i )
which is Cauchy in C(Wy,41) (Wny1 = [0, R] x [0,8,41]). Define U7 = tf*33 for

j=1,2,.... We will show that {{47 72 is a Cauchy sequence in BC([0, R] x [0, 00)).

To this end, let & > 0. There exists an n € A such that 2 < e. Then, wy(s) < 1
for all s > S,,. Since {UU¥:}5°, is Cauchy in C(W,,), there exists a K > 0 such that
if i,0 > K then |[U*ni —Uknt||ow, < e. Let L = K + n, and suppose i,l > L.

Examine
U = U |, = |U* = UF o,

Since ¢ and [ are larger than both n and K, there exists j; > ¢ and j; > [ such that
Urii = Ykndi and Ukt = YPmi. Hence, |[UP — U|oo,w, < e. If we compare these
sequences on W™ = [0, R] x [S,, o), then we have

<e.

3=

||Z//I7 _Z/A[ZHOO7W71 S HwMHOO;Wn S

Hence, {U/'}22, is Cauchy in BC([0, R] x [0, c0)).

Consequently, there exists a U € BC([0, R] x [0, 00)) such that {Ud"} converges to
U uniformly.

Now recall U = U*ii for all i. From the convergence of this subsequence to U
and the monotonicity proved in Lemma 2, we have for all m,

0<V(r,s) <U(r,s) <U™(r,s) <U™ (r,s) < - <UY(r, s).

Thus, the monotonicity of this sequence and the uniform convergence of the sub-
sequence {U*4i}%2, to U in BC([0,R] x [0,00)) yield the uniform convergence of
{Uy22, to U in BC([0, R] x [0,00)). Note that since R > 0 was arbitrary, we have
actually proved that there exists U € X such that {U4?}°; converges uniformly to U
on BC([0, R] x [0,00)) for all R > 0. 0

PROPOSITION 1. Under assumptions (Ai)—(Av), there erists a unique, positive,
continuous solution U € X of (7). Furthermore, the solution satisfies

0 <U(r,s) <wpm(s) for (r,s)€RL

and

/Ooou(r,s)dsz/ooowM(s)ds—/Oer(s)ds for m>0.

Proof. Let € > 0 and suppose U is given as in the proof of Lemma 3. Consider
(13) |ITU") = TU)lloowe < NITU*) = TU)loo,w, + [ITUY) = TWU) [0, ws, ...+

where Ws, . = [0, R] x [Sy,00) and W, = [0, R] x [0,00). Let € > 0 and choose
n such that if s > S, then was(s) < e. This implies that the second term in the
right-hand side of (13) is bounded by ¢ for k sufficiently large.
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It remains to show that the first term on the right-hand side of (13) can be made
arbitrarily small by taking k sufficiently large. To this end, it is sufficient to prove
that there exists a K € N such that if £ > K then

y
14 <
(14) / Iu y, t)dt c
But,
/ y
U’“ (y,t) fly, t)dt Iu y, t)dt
Rwpy) [,° (U’“ y,t) —U(y,t))f(y,t)dtdy
0 fOOO uk y7t> y?t dtfooo t)f( t)dt
dy
< 4~ Ulloo e I oo / wrlydy
y, t) f (y, t)dt)
U — U\l 0o
(15) < [ lloo, W |1 1] ,Woo||wF||1,[0,R]7
ORr
where 0 < 8g = info<y<r (fooo y, ) f(y, t)dt)z. Since {U*}2° ; converges uniformly

to U in BC(W), we must have T(L{) =U.
Consequently, U solves (7). Let’s prove that there are no other positive continuous
solutions. Since U = T'(U) we have

—f(r, ) £ (r)
U (r,s) =U(r (fo > )dt>'

If we integrate with respect to s then

/ Uy(r,s) ds = —1.
0

wr(s)

That is,
. r,s)ds wr(r).

Therefore, integration with respect to r yields

[ utrsas= [T usas— [ urirar

Now assume that there exists another positive continuous solution V' of (11).
Then V = Tk(V) < T*(wys) = U* for all r, s, which implies V < U for all 7, 5. On
the other hand, since V = T'(V'), we have

[ vesis= [Tusas— [ wetryen

as above. Therefore [;“U(r,s)ds = [;° V(r,s)ds. Consequently, we must have U =
V. O
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To complete our analysis of (5)—(6) it remains to prove the following result.

THEOREM 1. If (Ai)—(Avi) hold then there exists a unique positive continuous
solution of (5)—(6).

Proof. To begin, let U(r, s) be the unique solution of (7). Using the fundamental
theorem of calculus, differentiate both sides with respect to r, yielding

f(r, ) F(r)
Ur(r,s) =U(r <f0 m 7t)dt>’

Uy (1, 5) U(r,s)f(r,s)

or equivalently,

(16) —wp(r) U ) f(r,t)dt

Now define

(17) p(r,s) = _Ur(r,s) for (r,s) € RY.
wp(r)

Note that p is positive and continuous. To show that p satisfies (5)—(6) we need

(18) /00 p(z, s)wp(z)de =U(r,s)
and
(19) wpr(s) = /000 plx, s)wp(x)d.

For (19), note that by definition

/OOOP(J?SUJF /

=uw *%ngm
= ()—%ggou( s).

Also, for (18), we have by definition,

/00 plx, s)wp(r)dr = /OO —Uy (1, s)dx
=U(r,s) — }%irgloU(R, s).

So, both (18) and (19) will hold provided Limp_, o U(R, s) = 0 for s > 0, fixed.
But, for s > 0 fixed,

F(y)
U(r,s) = wp(s) exp( / fo ,t)dtdy>'
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So,

0<U(r,s) <wp(s)-exp

)wF(y)
||f||oofo bt tdy>

s S)wr(y)

<wM(3).exp<||f||oo/ T wm(r dT—fo o )dey> (from (11))

< war(s) - exp

w(y) _
||f||<>0 / fO U)M dT — fO U}F d > (fI‘Om (AVI))
m(T)dT — /Orw(T)dT

b
R

after integration. Recall from (Aiv) that

/000 wp (7)dT = /000 wg(T)dT.

Hence, lim, oo U(r,s) = 0.

Therefore, we have existence of a solution of (5)—(6). For uniqueness, note
that if ﬁ is also a positive, continuous solution of (5 ) (6) then Ll(r s) = wp(s) —
Jy A@,s)wp(z)dx solves (7), as does U(r,s) = wu(s) — [y p(x,s)wp(z)dz. But
(7) has a umque solution, which implies & = U, and hence fo (z,s)wp(x)dr =
Jy A@,s)wp(z)dz. As a result, p = p. O

OO

< wi(s) - exp

4. Comments and an example. We want to first point out that the method
we used is constructive, lending itself to numerical interpretation and exploration.

For an example, consider a choice of an acceptance function which is the density
function of a Gaussian-like distribution

2
1 _
f(r,s)—c~exp{2€2<:+2> }, r,s >0,

where ¢, a, and ¢ are positive constants. Here, the variable s represents the class of
the partner and r is the fixed class of the person. These assumptions allow for a
widely spread out distribution for high risk category individuals and a very narrow
distribution for low risk category individuals. The (r + a) prevents the low risk
category distribution from degenerating (i.e., there is some minimum variance). The
parameter a¢ might be of order 1. So this choice of f allows the distinction between
high and low risk class groups (i.e., class factors of r = 3 or r = 4 give basically the
same distribution, but one very different from that of » = 15).

We assume the population distributions are given by N;(x) = [ +b ya for i €

{M,F} and C;,b;,i € {M, F} are positive constants [14]. This assumes that there is
a large distribution of individuals in a low risk class and a small number in the high risk
classes. For the class distributions, we assume r;(z) = z+b;, i € {M, F'}. This would
describe a population where the desired number of partners per year equals the actual
number, plus possibly a correcting term relating to the available population. Hence,

the probability distributions, w;(z) = r;(x)N;(z), are w;(z) = (mf'il:i)?” ie{M,F}.
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Note that the assumptions (Ai)—(Avi) are easily satisfied by these choices of func-
tions w;(x), f(r, s).

Finally, Hyman and Stanley have numerically explored this and other mixing
functions with different acceptance functions. They present numerical results for the
full system (20)—(23) given in Appendix A coupled with appropriate initial conditions
and the nonlinear integral equation for p;(t,r,s), and they give numerical estimates
for special cases of the asymmetric mixing functions, p;(t,r,s), i € {M, F'} [17].

Appendix A. For a purely heterosexual population, the following model has
been developed to describe the spread of AIDS [11, 14, 19, 20]. Let S;(¢,r) denote
the susceptible population at time ¢ with risk r and sex 4; let I;(¢,7,7) denote the
infected population at time ¢, time since infection 7, with risk r and sex i; let A4;(¢, 7, 7)
denote the AIDS population (showing clinical AIDS symptoms) at time ¢, time since
conversion 7, with risk » and sex i. The interaction of all three populations has the
form

(20) 88;(t,7) /0t = pu(Soi(r) — S;(t,7)) — Ni(¢,7)Ss (L, 7),
(20") Li(t,r,0) = N(t,7)S; (¢, 1),
(21) oI;i(t,r,7)/0t + OI;(t,r,7)/0T = —(y(7) + p) Li(t, r,T),
(21') Ailt,r,0) = /0 ()it 7, 7Y,
(22) OA;(t,r,7)/0t + DA (t,r,7) /07 = —(6(F) + u)Ai(t,r, 7),
(23) N(t7) = ri(t.7) / pult,r ) K (4,7, 8)ds, i %,
0
where
[ Ii(t,s,T) ' o °°'
K;(t,rs) = ; B(r, T)WdT and N,(t,s) = S;(t,s) +/O Li(t, 1, s)dr.

Here i,j € {M, F}, u and 6(7) are death rates, and A;(¢,r) and (7) are the infection
and conversion rates, respectively. So; is the steady state population in the absence
of AIDS; K(t,r, s) is the probability that a person of sex j and risk r will be infected
by a person of sex ¢ with risk s; 7;(¢,7) is the actual number of different partners
per year; and p;(t,r, s) is a mixing function (discussed in section 2) which satisfies a
nonlinear integral equation. The system (20)—(23) above is coupled with nonnegative
initial data S;(0,7), I;(0,r,7), and A;(0,r, 7).
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